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Abstract

Let G4 be the g-deformation of a simply connected simple compact Lie group G of type
A, C or D and O4(G) be the algebra of regular functions on G,. In this article, we prove
that the Gelfand-Kirillov dimension of O,(G) is equal to the dimension of real manifold G.

AMS Subject Classification No.: 16P90, 17B37, 20G42

Keywords. Quantized function algebra, Weyl group, Gelfand Kirillov dimension.

1 Introduction

Motivated by the isomorphism theorem of Weyl algebras, Gelfand and Kirillov [9] introduced
a measure namely, Gelfand Kirillov dimension (abbreviated as GKdim), of growth of an al-
gebra. For finitely generated commutative algebra A, the Gelfand Kirillov dimension is same
as the Krull dimension of A and for commutative domains, it equals the transcedence degree
of its fraction field (see chapter 4, [9]). In order to give a precise estimate for the growth
exponent, Banica and Vergnioux [I] proved that for a connected simply connected compact
real Lie group G, GKdim of the Hopf-algebra O(G) generated by matrix co-efficients of all
finite dimensional unitary representations of G is same as manifold dimension of G. In the
same article, they mentioned that they do not have any other example of Hopf algebra having
polynomial growth. Later DAndrea, Pinzari and Rossi ([4]) extended their result to compact
Lie groups (see Theorem 3.1, [4]). But apart from these commuatative examples, not much
is known about the growth of other Hopf algebras. For many noncommutative Hopf algebras,
even the question whether they have a polynomial growth remain unanswered. Therefore it is
worthwhile to investigate in this direction. The most natural candidate to investigate is the
Hopf algebra of finite dimensional unitary representations of a compact quantum group. In this
paper, we take the case of g-deformation of a classical Lie group of type A, C and D and extend
the result of Banica and Vergnioux to the noncommutative Peter-Weyl algebra associated with

these compact quantum groups.


http://arxiv.org/abs/1709.09540v1

Let G be a semisimple simply connected compact Lie group of rank n and g be the Lie
algebra of G. The algebra of functions O,(G) on its g-deformation G, can be defined as the
subalgebra of the dual algebra of quantized universal enveloping algebra U,(g) generated by
matrix co-efficients of all finite dimensional admissible representations of U,(g). In this article,
we are mainly interested in the computation of GKdim for O,(G). In commutative case i.e.
for ¢ = 1, Banica and Vergnioux [I] proved that the GKdim of polynomial algebra O(G) is
equal to the dimension of G as a real manifold. Here we show that in noncommutative case i.e
for 0 < ¢ < 1, the canonical Hopf *-algebra O,(G) has GKdim equal to the dimension of real
manifold G provided G is of type A, C' and D. Moreover, we prove that similar results hold for
certain quotient spaces of G4 in type A and C. It answers the query of Banica and Vergnioux by
providing examples of noncommuatative noncocommutative Hopf algebras having polynomial
growth.

Let us give a sketch of the proof. We will assume G to be of type A,, C, or D,. Let {(w,)
be the length of the longest element w,, of the Weyl group W), of G. Let P,(.7) be the algebra
of endomorphisms on co(N) generated by the endomorphisms /1 — ¢2VN+25, /1 — ¢2NV S* and
B := ¢V where S is the left shift operator, S* is the right shift operator and N is the number
operator. Further let P(C(T)) be the algebra of endomorphisms cgy(Z)) generated by left
shift operator S and right shift operator S*. It can be shown that the algebra O,(G) can be
embedded as a subalgebra of P(C(T))®" @ P,(7)®“n). We show that the algebra generated
by the left shift and the right shift in cyo(N) has GKdim 2 and the algebra generated by the
left shift and the right shift in cpo(Z) has GKdim 1. It proves that GKdim of O4(G) is less

than 2¢(w,,) + n. Next, we write w, as a product of n elements in a certain manner and then

using recursion we produce enough number of linealy independent endomorphisms in O4(G) to
get GKdim of O4(G) to be equal to 2{(wy) + n. This completes the proof as the dimension of
G as a real manifold is same as 20(wy,) + n.

Organisation of this paper is as follows. Next section is dedicated to the preliminaries on
representation theory of the Hopf x-algebra O4(G). In the third section, we compute GKdim
of the algebra Oy(G) and prove our main result. In the final section, we prove similar results
for Peter Weyl algebra of some quotient spaces.

Throughout the paper algebras are assumed to be unital and over the field C. Elements of
the Weyl group will be called Weyl words. We denote by ¢(w) the length of the Weyl word w.
We used SP(2n) instead of more commonly used notation SP(n) for symplectic group of rank
n and hence quantum symplectic group is denoted by SP,(2n). Let us denote by {e, : n € N}
and {e, : n € Z} the standard bases of the vector spaces coo(N) and cyo(Z) respectively. The
map e, +— e,—1 will be denoted by S and the map map e, — e,41 will be denoted by S*.
The map e, — ne, will be called the number operator N. We denote by ﬁ?zlai the element
anan_1---ai. Let T and T' be two endomorphisms of the vector space c00(Z)®" @ coo(N)2F
and V be a subspace of cpo(Z)® @ coo(N)®*. We say that T ~ T on V if there exist natural



numbers mi,ms, -+ ,mi and a nonzero constant C such that

T:CT'(1®1®...®1®qm1N®qm2N®...®quN)
—

I copies

on V. Throughout this paper, ¢ will denote a real number in the interval (0,1) and C' is used

to denote a generic constant.

2 Quantized algebra of regular functions

In this section, we recall the definition of quantized algebra of regular functions on a simply
connected semisimple compact Lie group G and give a faithful homomorphism of this algebra
in order to find a new set of generators consisting of endomorphisms of a vector space. For a
detailed treatment, we refer the reader to ([7], Chapter 3 in [8]). Let G be a simply connected
semisimple compact Lie group of rank n and g be its complexified Lie algebra. Fix a nonde-
generate symmetric ad-invariant form (-, -) on g such that its restriction to the real Lie algebra
of G is negative definite. Let IT := {ay, a9, -+ ,a,} be the set of simple roots. For simplicity,
we write the root o; as ¢ and the reflection s,, defined by the root a; as s;. The Weyl group

W, of G can be described as the group generated by the reflections {s; : 1 < i < n}.

Definition 2.1. Let U,(g) be the quantized universal enveloping algebra of g. It has a *-
structure corresponding to the compact real form of g (see page 161 and 179, [7]). The Hopf
x-subalgebra of the dual Hopf s-algebra of U,(g) consisting of matrix co-efficients of finite
dimensional unitarizable U, (g)-modules is called the quantized algebra of regular functions on
G (see page 96 — 97, [§]). It is denoted by O4(G).

Let ((u;g)) be the defining corepresentation of O4(G) if G is of type A, and C,, and the
irreducible corepresentation of O,(G) corresponding to the highest weight (1,0,0,---,0) if G

is of type D,. In first case, entries of the matrix ((u;g)) generate the Hopf x-algebra Oy (G).

In latter case, they genarate a proper Hopf x-subalgebra of O,(Spin(2n)) which we denote as
0,(S0(2n)). The generators of O,(Spin(2n)) are the matrix entries of the corepresentation

((z;)) of O4(Spin(2n)) with highest weight (1/2,1/2,---,1/2). We denote the dimension of

the corepresentation ((u;g)) by N,,. We will drop the subscript g in ((

ul
7,8
algebra g is clear from the context. Using a result of Korogodski and Soibelman ([8]), we will

)) whenever the Lie

now describe all simple unitarizable O,(G)-modules.
Elementary simple unitarizable O,(G)-modules: Let d; = (a;, ;) /2 and ¢; = ¢% for
1 < i < n. Define ¢; : Uy, (sl(2)) — U,(g) be a *-homomorphism given on the generators of
U (51(2)) by,
Kv+— K, E+— E;, F— F;.



By duality, it induces an epimorphism
07 : 04(G) — 0, (SU(2)).

We will use this map to get all elementary simple unitarizable modules of O,(G). Denote by
VU the following action of O,(SU(2)) on coo(N) (see Proposition 4.1.1, [§]);

V1—¢q%e,_1 ifk=1=1,
V1—g¥t2ep, fk=1=2,

U(uf)e, = § —gPtle, ifk=1,1=2 (2.1)
qpep lfk:2,l:1,
Oriep otherwise .

For each 1 < i < n, define an action 7§, := Wo¢; of Oy4(G). Each 7. gives rise to an elementary
simple Oy (G)-module V;,. Also, for each t € T™, there are one dimensional O,(G)-module V;
with the action {7]"}. Given two actions ¢ and ¢ of O4(G), define an action g*1) := (p®1)oA.
Similarly for any two O4(G)-module V,, and Vj, define V,, ® Vg as O4(G)-module with O,4(G)

action coming from ¢ % 1. For w € W,, such that s;,s;,...s;, is a reduced expression for w

k
and t € T", define an action 7', by 7/" * 7721_1 * 7721_2 Kok 712% and denote the corresponding
O,4(G)-module by Vi 4. If t = 1, we write the action 77, as 7, and the associated module V;

by V. We refer the reader to ([]], page 121) for the following theorem.

Theorem 2.2. The set {V;,,;t € T, w € W, } is a complete set of mutually inequivalent simple
unitarizable left Oy(G)-module.

Define the endomorphisms « := \/H]WS, ot = WS* and B := ¢V acting on
the vector space coo(N). Let Py(.7) C END(coo(N)) be the algebra generated by a, o* and S
and P(C(T)) € END(cpo(Z)) be the algebra generated by S and S*. Given a Weyl word w of
length ¢(w), we define a homomorphism x7 : Oy(G) — P(C(T))®" @ P,(7)®* ™) such that
Xuw(a)(t) = i, (a) for all a € Oy(G).

Theorem 2.3. Let w, be the longest word of the Weyl group of G. Then the homomorphism
XZ'!L : OQ(G) — P(C(T))®n X Pq(g)@)e(wn)
1s faithful.

Proof: Consider the enveloping C*-algebra C(G,) of the Hopf x-algebra O,(G). For each
w € Wy, and ¢ € T", one can extend the irreducible representation 73", and homomorphism xy,
to the C*-algebra C'(G4) which we will denote by the same symbols. It follows from [10] that the

set {W,ﬁw; teTr we Wn} is a complete set of mutually inequivalent irreducible representations



of C(Gy). It is not difficult to show that if w' is a subword of w then the representation ﬂzw,
factors through the homomorphism xI,. Since w, is the longest word of W,, it follows that
each irreducible representation factors through x{, . As a consequence, the homomorphism
X2 2 C(Gy) — C(T") ® F®wn) is faithful. Restricting this homomorphism to the subalgebra

0O, (G) proves the claim. O

Consider the action x? of O4(G) on the vector space coo(Z)®™. It is not difficult to see that
X2 (a)(t) = 1(a) for all a € Oy(G). Therefore for any w € W, we have x, = x& * m;,. We will
explicitly write down the endomorphisms x” (u ) of O4(G) for type A, Cy or D,,.

For O4(G) = Oy(SU(n + 1)),

' 0;1R1®---1® S* ®l®---®1 ifi#l,
XZ(U;) = n+2—ith place
5SS @S ifi=1.
For O4(G) = O4(SP(2n)) or O4(Spin(2n)),

0191 - 1® S* RMR---®1 ifi>n,
ont1_ith place

0;1R1®---1® S RMR---®1 if i <n.
;th place

Looking at the expression of x7(u ) it follows that

Xu(u5) = (¢ @ m)(A)) = (x¢ @, Z uj, ® uy) = X¢ (uf) @ i (ug). (2.2)

3 Main result

In the present section, we show that Gelfand-Kirillov dimension of quantized algebra of regular
functions on a simply connected simple compact Lie group G of type A, C or D is equal to the
dimension of G as a real manifold. Unless otherwise specified, we denote by O,(G) one of the
Hopf x-algebras O, (SU(n+ 1)), O4(SP(2n)) or O4(Spin(2n)).

Definition 3.1. ([9]) Let A be a unital algebra. The Gelfand-Kirillov dimension of A is given
by
In dim(V'*)
Ink
where the supremum is taken over all finite dimensional subspace V' of A containing 1. If A is

GKdim(A) = supy lim

a finitely generated unital algebra then

. B — Indim(¢¥)
GKdim(A) = supe lim Ik

where the supremum is taken over all finite sets & containing 1 that generates A.



In dim(¢%)
Ink

Remark 3.2. The quantity “lim

hence one can choose a fixed (but finite) set of generators of A.

” does not depend on particular choices of £ and

We state some properties of Gelfand-Kirillov dimension omitting their straightforward

proofs.

e If B is a finitely generated unital subalgebra of A then GKdim(B) < GKdim(A) (see
[11]).
e GKdim(A® B) < GKdim(A) + GKdim(B).
Proposition 3.3. GKdim(P(C(T))) =1 and GKdim(Py(7)) = 2.

Proof: Clearly {1,5,5*}™ = span{S* : —m < k < m} and hence GKdim(P(C(T))) = 1. To
show the other claim, take the generating set of P,(7) to be F' = {1,a,a*,3}. From the

commutation relations gBa = aff and aa* — a*a = (1 — ¢?)B?, it is easy to see that
F™ = gpan{(a*)™ ™2a™ : mj + ma + mg < m}.
Since f2 =1 — a*«, we get
F™ = Span{{(oz*)mlﬂo/”3 cmi +mg <m}U{(a")™a™ :my +m3 < m}}

Hence the dimension of F™ is less than or equal to (m+1)2. Since {(a*)™ o™ : m;+m3z < m}
are linearly independent set of endomorphisms, we conclude that the dimension of £ is greater
than or equal to (mgl) Putting together, we get GKdim(P, (7)) = 2. O

Lemma 3.4. Let w, be the longest element of the Weyl group of G. Then one has
GKdim(Oy(G)) < 2l(wy) + n.

Proof: By Theorem [2.3] the algebra O,(G) can be viewed as a subalgebra of P(C(T))®" @
Py(T )®Z(°"”). Using the properties of Gelfand-Kirillov dimension mentioned above and Propo-
sition B.3], we have

GKdim(O4(G)) < GKdim(P(C(T))®" @ Py (7)% @)y < 20(w,) + n.

This settles the claim. O

In what follows, we will show that equality holds in Lemma B4l Our strategy is similar to that

given in [3] with some modifications. First we need the following result.

Lemma 3.5. Let oy be the endomorphism Sy\/1 — q*4V of the vector space coo(N). For any fived
jkeNand0<i<j, letT; ~ ail(a:;)”k on coo(N). Then elements of the set {T; : 0 <1i < j}

are linearly independent endomorphisms.



Proof: Enough to prove for k = 0. Consider the set {¢> : 1 <r < s, no two a,’s are same}.

Let V be the following Vandermonde matrix;

1 g™ q2a1 . q(s—l)al_
1 qag q2a2 L. q(s—l)ag
V =
_1 g q2a5 q(s—l)as_

Since det(V) = [[,..(¢" — ¢*) # 0, it follows that elements of the set {gN 1 <7r <

s, no two a,’s are same} are linealy independent. Next, we have

T, ~ of(a)' ~ (1 — q2dN+2d)(1 _ q2dN+4d) e (1- q2dN+2dm)7

:flﬂz — CzquN(l _ q2dN+2d) ... (1 _ q2dN+2dm)

for some m; € N and nonzero constant C;. If we expand the right hand side, we get 2™ terms
of the form ¢’ ¢®® such that all a,’s are different. Let us assume that Zle ¢ T; = 0. Since
T; has 27 terms of the form ¢ and 27 > Zg:_ll 2!, we get chSN = 0 for some s € N which
further implies that ¢; = 0. Repeating the same argument, we get ¢; = 0 for all 1 <7 < j and

this completes the proof. O

We will recall from [3] some results that will be needed to prove our main claim.

(w,n)  (w,n) (w,n)

Lemma 3.6. Let w € W,,. Then there exist polynomials p; ", py "’ 5 Pyt with non-
commuting variables wg(ujy")’s and a permutation o of {1,2,--- l(wy)} such that for all
e, Ty, ,r?(wn) € N, one has

Pl 18 T ) 120001 @ 41— eV §* @ 194wa)=0) (3.1)

on the subspace generated by standard basis elements having eq at (31—} L(w;) 4+ o (k)™ place
for k < j.

Proof: See the proof of the Lemma 3.4 in [3]. O

An element w of W,, can be written in a reduced form as: zpﬁz (w)wégig (w)--- wff};i (w) for

some choices of €1, €9, -+ , €, and ky, ko, - - - k, where ¢, € {0,1,2} and n —r + 1 < k. < n with
the convention that,
Case 1: sl(n+1)

SpSr—1-" " Sn—k,+1 if e = 1,2
T/Jf«,kr(w) = ) )
empty string if e=0.



Case 2: sp(2n)

Sn—r+18n—r+2 " Sk, ife=1,
€ _ .
T,k (w) =\ Sn—r+1Sn—r4+2°°° -+.Sn—15nSn—1 """ Sk, if e = 27
empty string if e=0.
Case 3: s0(2n)
Sn—r+18n—r+2°* * Sk, ife=1,
€ _ .
7k (w) — N\ Sn—r+1Sn—r4+2°°" -+.Sn—15nSn—25n—-3 * * * Sk, if e = 27
empty string if e=0.

For details, we refer the reader to ([6] or subsection 2.2 in [3]). We call the word %(»6123. (w) the
rth part w, of w. For type C,, and Dy, let M! =n —i+1 and N! = N,, —n +i and for type
Ap,let M =1 and Ni =i+ 1.

Lemma 3.7. Let w € W, be of the form w = w;y1w;to - - - wy, | < n and let V,, be the associated
O,(G)-module. Then for each Mi < k < N, there exists unique (k) € {Mit! ... Nitl}
such that

o (U ) (€0 @ 0 ® -+ ®eg) = Ceg ®eg ® -+ @ e

where C' is a nonzero real number. Moreover,
1o (ul )eo®eg @~ ®@eg) =0 for j € {My,--  Ni}/{k}.

2. ﬂg((ukw(k))*)(eo Reg®--Qeg) =Cep@ey® -+ R e.

T

3. Wﬁ)((uiw(k))*)(eo Rey®@---®eg) =0 forje {M,--- NY/{Ek}.
Proof: In Lemma 3.6 in [3], explicit description of the function r,,(k) is given. Using that and
diagram representation, one can verify the claim. O

The following lemma gives some linearly independent endomorphisms which when applied to

(wn)

a fixed vector of the form ey ® v ® e?g give all matrix units of the the first component and

the components in the n'* part. More precisely,

Lemma 3.8. Letw € W,,. Then there exist a permutation o of {1,2,--- ,¢(wy)} and polynomi-
als géw’n),g§w’n), e ,gézvu’}:)) and gﬁf’n), e ,gézz;:))* with variables X{Z(ujv”) 's and X’,f)((ujv”)*) s

such that
1.
(gSmhyrs (gl mhysa (gl myoa) (g§m) ) Sae (gl e (gg(”l;:))*)%(e(wn))
®€(wy)

(ggzuu,]:)))rg(l(wn)) (60 RU® € ) = Cer(’} RV R ern_gn R eT?(w

) " Se(wn)
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n—1

where v € coo(Z)E" 1 @ coo(N)® k=1 UWk) 2 € N 72 57 € N and v > s? for 1 <i <
(wy,).

2. The elements of the set
{5778 (gl )5 (o) o (g ™y 5 (g e -
"(92”1,}2))*)82“(”"”(QEEUL;Z)))TZUWM) crg € Nyritsp e Nyrl > s} € N}

are linearly independent endomorphisms.

Proof : Define

Nn,
g(()w n) . = XZ(uNn—f(wn))'
Since the endomorphism 7} (u %" b n)) is of the form 1® i 1 fwi) g VN oeN ...
g™ N e get
; Nn Nn Nn
géw ™ = XZ;(UNn_z(wn)) =X *T (UN _g(wn)) Xe (UN )®m (UN —Z(wn))
~S5FR1IR---®1 ®1®ZZ=1 L(wy,) (3‘2)

n times

on the whole vector space. For 1 < j < l(wy,), let hgw’") be the polynomial obtained by

replacing the action 7}, in the polynomial p(-w’")

;" given in Lemma [3.6] with x7,. Define

g](w,n) = (g((]w,n))*)shgw,n)
where s = degree of pgw’n). Hence we have
g](w ,n) _ (géw,n))*)sh§w7") ~1IRI®R---®1 ®pjw’") (3.3)
n times

on the subspace generated by standard orthonormal basis elements having eg at (n—l—z?z_ll (w;)+

o (k)" place for k < j. Define gj(:} "= (g](w ")) . Now part (1) of the claim follows from Lemma

Further it follows from first part of the claim that possible dependency can occur among

the elements of the type:

{(g"™)78 (g2 ™yPan (g ™) o (gl ™ Por@ (gf M ) -
- (ghfu) o (gl e e s — it = e,
where ¢! are arbitrary but fixed natural number. From Lemma [3.6] it follows that

(6" = (6 om
~ 1®(H+ZZ 1 £(wy)) ® 1® (o(4)— 1 /1 2d NS* ® 1® wn)_o'(]))‘



on the vector subspace generated by standard orthonormal basis elements having eg at (n +
E?:_ll O(w;) + J(k:))th place for each k < j. Employing this and Lemma 3.5 we get the claim.
O

If one counts the number of linearly independent endomorphisms given in part (2) of the lemma,
one can show that GKdim(O,(G)) > 2¢(n) + 1. To get the upper bound, we need to extend

this result.

Lemma 3.9. Let w € W and xj, be the associated action of Oqf(G) in the vector space
c00(Z)®™ @ coo(N)2XW) . Then for each 1 < i < n, there exist endomorphisms Pf,Pf,---P;VZ_
and RY, R, - - Révi in C(Gg) such that for all 1 < j < Nj;, one has
P;(U Qe - & 60) = C(Xw1w2 wl(
R;-(v Rey®---Rey) = C((lewzmwi (u

) ) RegR--- R ey
Y)v) @eg® - ® e
where v € coo(Z)®" @ COO(N)®Z;:1Z(W) and C' is a nonzero constant.

Proof: Define the endomorphisms
Ni

i .
Pj - Xu]( witlyi+2.. (J))
Ry = (G () )’
J w wz+1wz+2 M (])
for 1 < j < N;. By applying Lemma [3.7] the claim follows immediately. U

Lemma 3.10. Let w € W and xj, be the associated action of Oy(G) in the vector space
c00(Z)®"R¢go (N)2XW) | Then for each 1 < i < n, there exist permutations o; of {1,2,--- , £(w;)}
and polynomials g((] ),ggw Z),géw’) ,gézuwl)) gﬁf’l), ,gézuwl)) with moncommutative variables

X (uh)’s and X7 ((ul)*)’s such that
1.

é_
H p i (g ( ))’“Qm) (géfvl))l’mz) (gng’))’“am . (gézﬂvl))*)f’aiu(wn)

wy

.
—_

(w’ oi(s) (w:dyro
(e ®eg) =Cemn Q€ n— €, e e
H 0® - ®eg) ro @ pn-1 ® Qe ®en_p®en 1 ®

T’awl)"’awl)@ @ erppp @Berppp OB Crwn) ~PE(wn)

where ré eN, ré,pé € N and 7‘§ 2p§- for1 <j </tl(w;) and 1 <i<n.

2. The elements of the set
%

(Tt (g )esew (g (g e (gt Prates

%
1=1

i n N 7 . . .
(gé:l)yl))rai(fi)H(g(()wﬂ))ro . 7‘6 c N,r; 2 p; fgr 1 S ] S E(wl) and 1 S 7 S n}
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are linearly independent endomorphisms.

n)

Proof: For 0 < j < l(wy,), let g](-w’n) and g](iu be the polynomials as given in Lemma [B.§
(wyi)

and o, be the associated permutation. To define permutations ¢; and polynomials 9; and
gj(:}’i) for 0 < j < l(w;) and 1 < i < n we view wiws---w; as an element of Weyl group of
G of rank i. Therefore we can define polynomial gj(.wlwzmw"’i) and the permutation o; from
Proposition B8 Replace the variables X%, ..., (ug’) with P} and Xalwz,,,wi((ufy)*) with R}

(wrw2--w;,i) (wrwa--w;,i)

for 1 <k < N; in the polynomials g; and g, to define the polynomial g](-w’i)
and g](-iu’l) respectively for all 0 < j < ¢(w;). Now both parts of the claim follows from Lemma
B8 and Lemma O
Define

{ué :1<i4,j < N, U{1} for Oy(G) = O(SU,(n + 1)) or O4(SP(2n)),

§60 =9 - - - .
{uf 11 <4, < NppU{2:1<id,j <2"}U{l} for Oy(G) = O(Spiny(n)).

Then &g, is a generating set of Oy(G) containing 1. We will now prove our main result.

Theorem 3.11. Let w, be the longest element of the Weyl group of G. Then one has
GKdim(Oy(G)) = 2l(wy,) + n.

Proof: From Lemma [B.4] it is enough to show that GKdim(O,(G)) > 2¢(w,) + n. Since
the homomorphism x7, is faithful, we will without loss of generality work with the algebra
Xi, (Oq(G)). Take the generating set 1" to be x, (§a,) U X, (£, ). Define

My := max{degree of g](-whi) 10<j < l((wn)i), 1 <i<n}.

Then by part (2) of Lemma 310 we have

1 d (TM k) 1 (k+2€(m2)+n71)
GKdim(O,(@)) > i > 1i 2 = 20(wy, :
m(0(G)) 2 lim —p A — 2 fm —— o (wn) + 1
This completes the proof. O

Remark 3.12. The proof we have given here is very rigid in the sense that it largely depends
upon a particular way of representing the algebra. There must be a canonical way of computing
GKdim of these algebras. In our view, the main obstruction is to get Lemma [3.7] in a more

general set up.
Corollary 3.13. One has
o GKdim(Oy(SU(n+1))) = n?+ 2n =dim(SU(n + 1)).

o GKdim(O,(SP(2n))) = 2n? + n =dim(SP(2n)).

11



o GKdim(0,(50(2n))) = GKdim(O4(Spin(2n))) = 2n? — n =dim(SO(2n)).

Proof: Let w, be the longest word of O,(G).
Case 1: O,(SU(n +1)).

In this case, the rt"-part of wy, is s;8,_1---$1 for 1 < r < n. Hence lwyp) = n(n +1)/2.
Therefore by Theorem B.11], we have

2n(n +1)

3 +n=n’+2n.

GKdim(Oy(SU(n +1))) =
Case 2: O4(SP(2n)).

For each 1 < r < n, the rth-part of wy 18 SpSr41 " Sn—1SnSn—1 - Sr+15-. Hence by applying
Theorem [3.1T], we get

CKdim(O,(SP(2n))) = 26(wy) +n = 2n* 4 n.

Case 3: O,(Spin(2n)).
For each 1 < r < n, the r*"-part of w, is SpSp4l - Sp—2Sn—1SnSn—2 - Sr415r. Hence l(wy) =
n? — n. Therefore from Theorem [B.11], we get

GKdim(O,(Spin(2n))) = 20(w,) +n = 2n* — n.
Moreover since the polynomials géw"’k), g](-w”’k) and g(f:"’k)

; given in Lemma[3.10linvolve variables
uz-’s which are in O(S0,(2n), we get
GKdim(0,(50(2n))) = GKdim(O,(Spin(2n))).

This completes the proof. O

4 Quotient spaces

Fix a subset S C II and a subgroup L of T#5°. Let O(Gq/K(}q’L) be the quotient Hopf *-
subalgebra of O4(G) (see page 5, [10]). If S is the empty set ¢, define W, = {id}. For a
nonempty set S, define Wg to be the subgroup of W,, generated by the simple reflections s,
with o € S. Let

WS = {w e W, : {(sqw) > £(w) Ya € S}.

Define the algebra P(C(L)) to be the quotient of P(C(T™)) by the ideal consisting of polyno-

mials vanishing in L.

Theorem 4.1. Let wf be the longest word of W*°, m be the cardinality of S and k be the rank
of L. Then the homomorphism

Xls : O(Go/K§E) — P(C(T)*™ @ Py(7)917)
is faithful. Moreover, the image XZS(O(GQ/KqS’L)) is contained in the algebra P(C(L)) ®
Py(7)15).
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Lemma 4.2. Let L be a subgroup of T™ of rank k. Then there exists an algebra isomorphism
®: P(C(L)) — P(C(T))®k.

Proof: Using Fourier transform, one can identify dual group Lasa subgroup of Z™ isomorphic
to ZF. Fix a linear isomorphism ¢ : Z¥F — L. Applying inverse Fourier transform and using
Pontriagin duality, one can identify points of T¥ with points of L via the monomial map qg

This induces an isomorphism

®: P(C(L)) — P(C(T))®*

such that ®(g)(t1,te, - ,tr) = g(P(t1,t2, -+ ,tk))- O

Remark 4.3. Suppose that the polynomials {g;(t1,t2, - tm) : 1 < i < m} generate the algebra
P(C(L)). Then from the Lemma [£2] there exist monomials {h;(g1,92, - gm) : 1 < i < k}
such that h;(g1, 92, gm)(t1,t2, - tm) =t; for 1 <i < k. Hence the elements of the set

n

{H(hi(gl,gz, cegm)) i €N <0 < kY
i—1

are linearly independent polynomials.

Let Sy be the empty subset of II. For 2 < m < n, define S,, to be the set {1,2,--- ,m —1}
if O4(G) = O(SU4(n+1)) and {n —m+2,--- ,n} if Oy(G) = Of(SP(2n)). If L = T™ then
O(Gy/ K™ ™") is same as O(SUy(n + 1)/SUy(n+ 1 —m)) or O(SP,(2n)/SP,(2n — 2m)) if
O4(G) is Oy(SU(n + 1)) or Oy(SP(2n)) respectively.

Theorem 4.4. Let w,‘fn’m“ be the longest element of the WS—m+1 and k be the rank of L.
Then one has
GKdzm O(Gq/K5n7m+17L) — 2€(w;§n—m+1) + k.

Proof: By Theorem A.J] the algebra O(Gy /qu "”"“’L) can be viewed as a subalgebra of
S’!L*’!?L
P(C(T))®F @ P, ()& wn o ). Hence using properties of GKdim, we get

GKdim O(Gy/K;m+F) < 20(wi»—m+) + k.

To show the equality, observe that
(er)

1. for an element w € WSm+1 and 1 < r < n — m, the r*-part w, = T,Z)nkr

(w) is identity
element of W,,. Hence w can be written uniquely as w = wy—mt1Wp—m+2 - - - Wn.

i

%)) is in the quotient algebra

2. It follows from the definition that entries of last m rows of ((u
O(Gy/Kg" "),

13



3. The polynomials g§w’k) and gj(ff’k)

consisting of entries of last m rows of ((u;))

for 1 <j</lpand n—m+1 <k <n involve variables

4. Tt follows from equation ([3.2]) that for 1 < i < m, we have

géw’i) ~ gi(tla t27 o 7tm) ® 1®Z(w)

th

where g; € P(C(L)) is the projection function t; on """ co-ordinate restricted to L.

Moreover, {g;(t1,ta,---tm): 1 <i < m} generate the algebra P(C(L)).
5. Using remark (43]) and Lemma [B.I0] one can show that the elements of the set
n

T (o ool phen e . () e
i=n—m-+1 '

(__
n
DN e, 1 2 KN L i i
(g s [T (i, 06"+ g6™™) o vl € Nyvd >
i=1
for 1 < j < l(w;) andn—m+1§i§n}
are linearly independent endomorphisms.

With these facts, the same arguments used in Theorem [B.11] will prove the claim. O

Corollary 4.5. One has
o GKdim(O(SUy(n+1)/SUy(n+1—m))) =dim(SU(n+1)/SU(n+ 1 —m)).
o GKdim(O(SP,;(2n)/SP;(2n —2m))) =dim(SP(2n)/SP(2n — 2m)).

Proof: Let wi™ ™" be the longest word of O, (G).
Case 1: O(SUy(n+1)/SUy;(n+ 1 —m)).

n—m-+1 n7m+1) _

In this case, the rt"-part of wf is 88181 forn—m+1 <r <n. Hence K(ws
"("+1)_("_2m)("_m+1). Therefore by Theorem [3.11], we have

GKdim(Oy(SU(n+1))) =n(n+1)
=nn+1)+n—(n—-m)(n—m+1)+ (n—m)
=dim(SU(n + 1)) — dim(SU(n + 1 —m)) (by Corollary B.13))
=dim(SU(n+1)/SU(n+1—m)).

—(n=m)(n—m+1)+m

Case 2: O(SP,(2n)/SP,(2n — 2m)).

n—m-+1

. S, .
In this case, the rt*-part of wj, iS SpSp41 - Sn—18nSn—1- " Sp1Sr forn —m+1 <r < mn.

Hence by applying Theorem [B.I1] and following the steps of part (1), we get the claim. O
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